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571. 
A DEMONSTRATION OF DUPIN’S THEOREM. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. xu. (1873), 
pp. 185—191.] 


THE theorem is that three families of surfaces intersecting everywhere at right 
angles intersect along their curves of curvature. The following demonstration puts in 
evidence the geometrical ground of the theorem. 


I remark that it was suggested to me by the perusal of a most interesting paper 
by M. Lévy, “ Mémoire sur les coordonnées curvilignes orthogonales et en particulier sur 
celles qui comprennent une famille quelconque de surfaces de second degré,” (Jour. de 
VÉcole Polyt., Cah. 43 (1870), pp. 157—200). It was known that a family of surfaces 
p=f(«, y, 2) where the function is arbitrary, does not in general form part of an 
orthogonal system, but that p considered as a function of (æ, y, 2) must satisfy a 
partial differential equation of the third order. -M. Lévy obtains a theorem which, in 
fact, enables the determination of this partial differential equation; he does not himself 


obtain it, although he finds what the equation becomes on writing therein æo, 


£=0; but I have, in a recent communication to the French Academy, found this 


equation. 


Proceeding to the consideration of Dupin’s theorem, on a surface of the first family 
take a point A and through it two elements of length on the surface, AB, AO, at 
right angles to each other; draw at A, B, C the normals meeting the consecutive 
surface in A’, B’, O and join A’B’, A’C’. It is to be shown that the condition in 
order that B’A’C’ may be a right angle is the same as the condition for the inter- 
section of the normals AA’ and BB’ (or of the normals AA’ and CC’); for this being 
so, since by hypothesis B’A’C’ is a right angle, it follows that AA’, BB’ intersect; 
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that is, that AB is an element of one of the curves of curvature through the point 
A of the surface, And, similarly, that AA’, CO’ intersect; that is, that AC is an 
element of the other of the curves of curvature through the point A on the surface. 


Cc’ 


B 


Take a, y, z for the coordinates of the point A; a, 8, y for the cosine inclinations 
of AA’; a, B,, y for those of AB; and a, Ba, Ya for those of AC. Write also 


ò =a dz + B dy + Y dz, 
8, = ada + Bid, + mdz, 
8, = adz + Bady + Ydz; 
then it will be shown that the condition for the intersection of the normals AA’, BB’ is 
0,4 + B&B F y2OrY = 0, 
the condition for the intersection of the normals AA’, CC’ is 
4, 50 < B,6.8 a "Ory = 0, 


and that these are equivalent to each other, and to the condition for the angle B’A’O’ 
being a right angle. 


Taking J, l, la for the lengths AA’, AB, AC, the coordinates of A’, B, O measured 
from the point A are : 


(la, IB, ly), (La, L Ly) (læ, Bz, lya) respectively. 


The equations of the normal at A may be written 


X =z+ la, 
Y=y+ 68, 
Z =z + Oy, 


where X , Y, Z are current coordinates, and @ is a variable parameter. Hence for the 
normal at B, passing from the coordinates æ, y, z to æ+ha, y+hh,, z+hmy, the 


equations are 
X =g+ha +1,6, (0a), 


Y = y + hA, + Lô, (08), 
Z =z +l +18; (0y), 
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and if the two normals intersect in the point (X, Y, 7), then 
a, +46,0 + 68,a =0, 
Bı + 88,0 + 08,8 = 0, 
yı +768 + Ody = 0, 


viz. eliminating @ and 6,6 the condition is 


a Bp Oa" |; 
Bis B, 6,8 
Ji ? yf ? diy 
or, since 
Oi Bs; Ya = Bu, = Bıy, yx — Y4, aßı — af, 
this is 


a,0,4 + BiB + Ydy = 0. 
Similarly the condition for the intersection of the normals AA’, CC’ is 
ee: ada + BB + dry = 0. 
aa + 88,8 + ydy = hda + Ld + yÒ 5 
in fact, this equation is 
(að, — %8,) a + (B28; — B82) B + (728: — 1182) y = 9, 
which I proceed to verify. 
In the first term the symbol a,8, — 4,6, is 
as (tda + Bydy + Vd) — % (adr + Bady + y2d2), 
(428; — % 82) dy + (V142 — Yoh) dz; 


or, what is the same thing, it is 


viz. this is 


Pdz — ydy, 
and the equation to be verified is 


(Bd; — ydy) a + (yz — adz) B + (ady — Bdz)y = 0, 


Bee hh i: 
a, Wi Be P’ R’ 


viz. writing 


where if p=f(a, y, 2) is the equation of the surface X, Y, Z are the derived functions 


A ; A A , and R=,/(X?+ Y? + R°), the function on the left-hand consists of two 
parts; the first is 
{(Bd, — ydy) X + (ydz — adz) Y + (ady — Bda) Z}, 


wl = 
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that is, 
F(a (dy— da) + B (dX — da2) + Y (de¥ — dyX)} 


which vanishes; and the second is 
1 
me {a (Bd, or ydy) +8 (yds Ta adz) y (ady = Bdz)} R, 


which also vanishes; that is, we have identically 
05,4 + B88 + YÒY = ada + B58 + yay, 
and the vanishing of the one function implies the vanishing of the other. 


Proceeding now to the condition that the angle B’A’C’ shall be a right angle, 
the coordinates of B’ are what those of A’ become on substituting therein æ+ la, 
y+hB,, z+hy in place of a, y, z; that is, these coordinates are 


æ+ la+ ha + hô, (la), &e., 
or, what is the same thing, measuring them from A’ as origin, the coordinates of B’ are 
l (a, + ld,a + að,l), 
l (Bı + 18,8 + 88,1), 
lı (yı + ly + yòl), 
and similarly those of C’ measured from the same origin A’ are 
la (a, + lõa + a ôl), 
l» (By + 18,8 + B6,!), 
la (y2 + Sry + y êl). 
Hence the condition for the right angle is 
(a, + lõa + 46,1) (a +lòa + 46,1 ) 
+ (Bı + 18,8 + 88,1) (8, + 16.8 + Bl) 
+ (yı + lbyy + yòl) (ya + ly + yè ) = 0. 


Here the terms independent of l, 6, êl vanish; and writing down only the terms 
which are of the first order in these quantities, the condition is 


a, (la + a6,1) + a, (la + að?) 
+ £: (16,8 + BÒL) + L (18,8 + BÈ) 
rH (l8.ry T yòl) + Yo (l8yy a 76,1) = 0, 


where the terms in ôl, ôl vanish; the remaining terms divide by l, and throwing 
out this factor, the condition is 


(004 + B58 + yòy) + (aða + B&B + Yy) =0, 
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viz. by what precedes, this may be written under either of the forms 
asa + B,6.8 + yòy = 0, 
0,4 + B.8,8 oF ryoOr'Y = 0, 

and the theorem is thus proved. 


It may be remarked that if we had simply the first surface, and two other surfaces, 
or say a second and a third surface, cutting the first surface and each other at right 
angles, that is, cutting each other in AA’ the element of the normal at A, and cutting 
the first surface in the elements AB, AC at right angles to each other, then the 
tangent plane of the second surface will be the plane A’AB, not in general passing 
through B’; and the tangent plane of the third surface will be the plane A’AC, not 
in general passing through C’. The condition, that the elements A’B’ and A’C’ on the 
surface consecutive to the first surface are at right angles, makes CC’ and BB’ each 
intersect AA’; and we then have, the tangent plane of the second surface is the plane 
through the elements AA’, BB’, the tangent plane of the second surface is the plane 
through the elements AA’, CC’. 


As already remarked, a family of surfaces p=f(w, y, 2) where the function is 
arbitrary cannot form part of an orthogonal system. In fact, if the surfaces do belong 
to an orthogonal system, we have AA’, BB’ in the same plane, and consequently AB 
and A'B’ intersect; and, similarly, AC and A’O’ intersect; that is, if from a point A 
on a given surface of the family we pass along the normal to the point A’ on the 
consecutive surface; and if the lines AB, AC are the tangents to the curves of 
curvature at A, and A’B’, A’C’ the tangents to the curves of curvature at A’, then 
AB intersects A'B’, or, what is the same thing, AC intersects A’C’; and, conversely, 
when this condition is satisfied in general (that is, for every surface of the family and 
the surface consecutive thereto), then the family forms part of an orthogonal system; 
this is, in fact, the fundamental theorem of M. Lévy’s memoir. The analytical form 
of the condition, viewed in this manner, is 


4,50, + 8.68, + yo =0, or Òa, + BAJA Sij 1,072 =0; 
or, as it is convenient to write it, 
aða, + BoB, + 120% am (4,54, + 8,58, + YÒY) =0; 


and it was by means of it that I obtained the partial differential equation of the 
third order above referred to. The condition written in the form 


KOX FYE Zo S= or X,6X,+ YOY t00, 


presents itself in the proof of Dupin’s Theorem by R. L. Ellis, (given in Gregory’s 
Examples, Cambridge, 1841), but the geometrical signification of it is not explained. 


Closely connected with Dupin’s, we have the following theorem: if two surfaces 
intersect at right angles along a curve which is a curve of curvature of one of them, 
it is a curve of curvature of the other of them. I remark hereon as follows: 
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Let the intersection be a curve of curvature on the first surface; the successive 
normals intersect, giving rise to a developable, and the intersection of the two surfaces, 
say J, is an involute of the edge of regression of this developable, say of the curve C. 
The successive normals of the second surface are the lines at the different points of 
I at right angles to the planes of the developable, that is, to the osculating planes 
of C; or, what is the same thing, they are lines parallel to the binormals of C (the 
line at any point of a curve, at right angles to the osculating plane, is termed the 
“binormal”). But if the intersection J is a curve of curvature on the second surface, 
then the successive lines intersect; that is, starting from the curve CO, the theorem in 
effect is that at each point of the involute drawing a line parallel to the binormal 
of the corresponding point of the curve, the successive lines intersect, giving rise to a 
developable. To prove this, let the arc s be measured from any fixed point of the 
curve, and the coordinates x, y, z be considered as functions of s; and let a’, æ”, æ” 

2 3 

denote = iA a and the like as regards y and z. Measuring off on the tangent 
at the point (s, y, z) a length /—s, the locus of the extremity is the involute; 
that is, for the point (æ, y, z) on the curve, the coordinates of the corresponding point on 
the involute are 7+(l—s)a’, y+(l—s)y’, pi as z. Moreover, the cosine inclinations 
of the binormal are as y/2”—y'2, Za” — 2a’, a'y”—a"y. Hence taking X, Y, Z as 
current coordinates, the equations of the line parallel to the binormal may be written 

ren a+(l—s) a +0 (yz — yz’), 

Y=y+(l—s)y' + 0(2a0" — 22’), 

Z=z+(l—s)2 +0 (a'y” — xy’), 
and the condition of intersection is therefore 

æ", yz” r Ya a SA yf'2y | = 0. 
| y . at tad (7x z2" ay | | 
| rs æy” — j (a’y a’ y'y | 
Form a minor out of the first and second columns, e.g. 
“A y (ay A —2'y')—- ove (2a” — 2x’), 

this is, 
i a! (a + y”? me 2?) G ( a'a! T y' y” siia P4 TI 


or the last term being =0, and the factor g” + y”? +2”? being common, the minors 


A 


are as g’ : y : 2. Moreover (y'2” —y"z' Y = y2” — y” z, &e., hence the determinant is 
‘ x ! (y'z oe y” z)+y (2a wt — 2a!) +2’ (ay =a" y), 


viz. this is =0, or the theorem is proved. 
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